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EMBEDDING DIMENSION AND CODIMENSION
OF TENSOR PRODUCTS OF ALGEBRAS OVER A FIELD
S. BOUCHIBA (⋆) AND S. KABBAJ (⋆)
To David Dobbs on the occasion of his 70th birthday
Abstract. Let k be a field. This paper investigates the embedding dimension and
codimension of Noetherian local rings arising as localizations of tensor products
of k-algebras. We use results and techniques from prime spectra and dimension
theory to establish an analogue of the “special chain theorem” for the embedding
dimension of tensor products, with effective consequence on the transfer or defect
of regularity as exhibited by the (embedding) codimension given by codim(R) :=
embdim(R)−dim(R).
1. Introduction
Throughout, all rings are commutative with identity elements, ring homomor-
phisms are unital, and k stands for a field. The embedding dimension of a Noe-
therian local ring (R,m), denoted by embdim(R), is the least number of generators
of m or, equivalently, the dimension of m/m2 as an R/m-vector space. The ring
R is regular if its Krull dimension and embedding dimensions coincide. The (em-
bedding) codimension of R measures the defect of regularity of R and is given
by the formula codim(R) := embdim(R)−dim(R). The concept of regularity was
initially introduced by Krull and became prominent when Zariski showed that a
local regular ring corresponds to a smooth point on an algebraic variety. Later,
Serre proved that a ring is regular if and only if it has finite global dimension. This
allowed to see that regularity is stable under localization and then the definition
got globalized as follows: a Noetherian ring is regular if its localizations with
respect to all prime ideals are regular. The ring R is a complete intersection if its
m-completion is the quotient ring of a local regular ringmodulo an ideal generated
by a regular sequence; R is Gorenstein if its injective dimension is finite; and R is
Cohen-Macaulay if the grade andheight ofm coincide. All these algebro-geometric
notions are globalized by carrying over to localizations.
These concepts transfer to tensor products of algebras over a field under suitable
assumptions. It has beenproved that aNoetherian tensor product of algebras (over
a field) inherits the notions of (locally) complete intersection ring, Gorenstein ring,
and Cohen-Macaulay ring [7, 19, 33, 36]. In particular, a Noetherian tensor product
of any two extension fields is a complete intersection ring. As to regularity and
unlike the above notions, a Noetherian tensor product of two extension fields of
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k is not regular in general. In 1965, Grothendieck proved a positive result in
case one of the two extension fields is a finitely generated separable extension [18].
Recently, we have investigated the possible transfer of regularity to tensor products
of algebras over a field k. If A and B are two k-algebras such thatA is geometrically
regular; i.e., A⊗k F is regular for every finite extension F of k (e.g., A is a separable
extension field over k), we proved thatA⊗kB is regular if andonly ifB is regular and
A⊗k B is Noetherian [8, Lemma 2.1]. As a consequence, we established necessary
and sufficient conditions for a Noetherian tensor product of two extension fields
of k to inherit regularity under (pure in)separability conditions [8, Theorem 2.4].
Also,Majadas’ relatively recent paper tackled questions of regularity and complete
intersection of tensor products of commutative algebras via the homology theory
of Andre´ and Quillen [25]. Finally, it is worthwhile recalling that tensor products
of rings subject to the above concepts were recently used to broaden or delimit
the context of validity of some homological conjectures; see for instance [20, 22].
Suitable background on regular, complete intersection, Gorenstein, and Cohen-
Macaulay rings is [14, 18, 24, 26]. For a geometric treatment of these properties,
we refer the reader to the excellent book of Eisenbud [15].
Throughout, given a ring R, I an ideal of R and p a prime ideal of R, when no
confusion is likely, wewill denote by Ip the ideal IRp of the local ringRp and byκR(p)
the residue field of Rp. One of the cornerstones of dimension theory of polynomial
rings in several variables is the special chain theorem, which essentially asserts that
the height of any prime ideal of the polynomial ring can always be realized via a
special chain of prime ideals passing by the extension of its contraction over the
basic ring; namely, if R is a Noetherian ring and P is a prime ideal of R[X1, ...,Xn]
with p := P∩R, then
dim(R[X1, ...,Xn]P) = dim(Rp)+dim
(
κR(p)[X1, ...,Xn] Pp
pRp[X1 ,...,Xn ]
)
An analogue of this result for Noetherian tensor products, established in [7], states
that, for any prime ideal P of A⊗k Bwith p := P∩A and q := P∩B, we have
dim(A⊗kB)P = dim(Ap) + dim

(
κA(p)⊗kB
)
Pp
pAp⊗kB

which also comes in the following extended form
dim(A⊗kB)P = dim(Ap)+dim(Bq)+dim

(
κA(p)⊗kκB(q)
)
P(Ap⊗kBq)
pAp⊗kBq+Ap⊗kqBq
 .
This paper investigates the embedding dimension of Noetherian local rings arising
as localizations of tensor products of k-algebras. We use results and techniques
from prime spectra and dimension theory to establish satisfactory analogues of
the “special chain theorem” for the embedding dimension in various contexts of
tensor products, with effective consequences on the transfer or defect of regularity
as exhibited by the (embedding) codimension. The paper traverses four sections
along with an introduction.
In Section 2, we introduce and study a new invariant which allows to correlate
the embedding dimension of a Noetherian local ring B with the fibre ring B/mB
of a local homomorphism f : A −→ B of Noetherian local rings. This enables us to
provide an analogue of the special chain theorem for the embedding dimension as
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well as to generalize the known result that “if f is flat and A and B/mB are regular
rings, then B is regular.”
Section 3 is devoted to the special case of polynomial rings which will be used
in the investigation of tensor products. The main result (Theorem 3.1) states that,
for a Noetherian ring R and X1, ...,Xn indeterminates over R, for any prime ideal P
of R[X1, ...,Xn] with p := P∩R, we have:
embdim(R[X1, ...,Xn]P) = embdim(Rp)+ht
(
P
p[X1, ...,Xn]
)
= embdim(Rp)+ embdim
(
κR(p)[X1, ...,Xn] Pp
pRp[X1 ,...,Xn ]
)
Then, Corollary 3.2 asserts that
codim(R[X1, ...,Xn]P) = codim(Rp)
and recovers a well-known result on the transfer of regularity to polynomial rings;
i.e., R[X1, ...,Xn] is regular if and only if so is R (this result was initially proved
via Serre’s result on finite global dimension and Hilbert Theorem on syzygies).
Then Corollary 3.3 characterizes regularity in general settings of localizations of
polynomial rings and, in the particular cases of Nagata rings and Serre conjecture
rings, it states that R(X1, ...,Xn) is regular if and only if R〈X1, ...,Xn〉 is regular if and
only if R is regular.
LetA and B be two k-algebras such thatA⊗kB is Noetherian and let P be a prime
ideal of A⊗k B with p := P∩A and q := P∩B. Due to known behavior of tensor
products of k-algebras subject to regularity (cf. [8, 18, 19, 33, 36]), Section 4 inves-
tigates the case when A (or B) is a separable (not necessarily algebraic) extension
field of k. The main result (Theorem 4.2) asserts that, if K is a separable extension
field of k, then
embdim(K⊗kA)P = embdim(Ap) + embdim

(
K⊗k κA(p)
)
Pp
K⊗kpAp
 .
In particular, if K is separable algebraic over k, then
embdim(K⊗kA)P = embdim(Ap).
Then, Corollary 4.5 asserts that
codim(K⊗kA)P = codim(Ap)
and hence K⊗kA is regular if and only if so is A. This recovers Grothendieck’s
result on the transfer of regularity to tensor products issued from finite extension
fields [18, Lemma 6.7.4.1].
Section 5 examines the more general case of tensor products of k-algebras with
separable residue fields. The main theorem (Theorem 5.1) states that if κB(q) is a
separable extension field of k, then
embdim(A⊗kB)P = embdim(Ap) + embdim(Bq)
+ embdim

(
κA(p)⊗kκB(q)
)
P(Ap⊗kBq)
pAp⊗kBq+Ap⊗kqBq

Then, Corollary 5.2 contends that
codim(A⊗kB)P = codim(Ap)+ codim(Bq)
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recovering known results on the transfer of regularity to tensor products over
perfect fields [33, Theorem 6(c)] and, more generally, to tensor products issued
from residually separable extension fields [8, Theorem 2.11].
The four aforementioned main results are connected as follows:
Proposition 4.1
u
Theorem 3.1 ⇓ Theorem 5.1
u t
Theorem 4.2
Of relevance to this study isBouchiba, Conde-Lago, andMajadas’ recentpreprint
[4] where the authors prove some of our results via the homology theory of Andre´
and Quillen. In the current paper, we offer direct and self-contained proofs us-
ing techniques and basic results from commutative ring theory. Early and re-
cent developments on prime spectra and dimension theory are to be found in
[3, 5, 6, 7, 29, 30, 31, 34, 35] for the special case of tensor products of k-algebras,
and in [1, 11, 17, 22, 24, 26, 27] for the general case. Any unreferenced material is
standard, as in [24, 26].
2. Embedding dimension ofNoetherian local rings
In this section, we discuss the relationship between the embedding dimen-
sions of Noetherian local rings connected by a local ring homomorphism. To this
purpose, we introduce a new invariant µ which allows to relate the embedding
dimension of a local ring to that of its fibre ring.
Throughout, let (A,m,K) and (B,n,L) be local Noetherian rings, f :A−→B a local
homomorphism (i.e., mB := f (m)B ⊆ n), and I a proper ideal of A. Let
µA(I) := dimK
(
I+m2
m
2
)
.
Note that µA(I) equals the maximal number of elements of I which are part of a
minimal basis of m; so that 0 ≤ µA(I) ≤ embdim(A) and µA(m) = embdim(A). Next,
let µ
f
B
(I) denote the maximal number of elements of IB := f (I)Bwhich are part of a
minimal basis of n; that is,
µ
f
B
(I) := µB(IB) = dimL
(
IB+n2
n
2
)
.
It is easily seen that if x1, . . . ,xr are elements ofm such that f (x1), . . . , f (xr) are part of
a minimal basis of n, then x1, . . . ,xr are part of a minimal basis ofm as well. That is,
0≤ µ
f
B
(I)≤µA(I). Moreover, if J is a proper ideal of B andπ : B։ B/J is the canonical
surjection, then thenatural linearmapofL-vector spaces
IB+n2
n
2
։
IB+n2+J
n
2+J
yields
µ
π◦ f
B/J
(I) ≤ µ
f
B
(I).
Proposition 2.1. Under the above notation, we have:
embdim(B) = µ
f
B
(I)+ embdim(B/IB).
In particular,
embdim(A) = µA(I)+ embdim(A/I).
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Proof. The first statement follows easily from the following exact sequence of L-
vector spaces
0 −→
IB+n2
n2
−→
n
n2
−→
n
IB+n2
=
n/IB
(n/IB)2
−→ 0.
The second statement holds since µA(I) = µ
idA
A
(I). 
Recall that, under the above notation, the following inequality always holds:
dim(B) ≤ dim(A)+dim(B/mB). The first corollary provides an analogue for the
embedding dimension.
Corollary 2.2. Under the above notation, we have:
embdim(B) ≤ embdim(A)− embdim(A/I)+ embdim(B/IB).
In particular,
embdim(B) ≤ embdim(A)+ embdim(B/mB).
It is well known that if f is flat and both A and B/m B are regular, then B is
regular. The second corollary generalizes this result to homomorphisms subject
to going-down. Recall that a ring homomorphism h : R −→ S satisfies going-down
(henceforth abbreviated GD) if for any pair p ⊆ q in Spec(R) such that there exists
Q ∈ Spec(S) lying over q, then there exists P ∈ Spec(S) lying over pwith P ⊆Q. Any
flat ring homomorphism satisfies GD.
Corollary 2.3. Under the above notation, assume that f satisfies GD. Then:
(a) codim(B) =
(
µ
f
B
(m)−dim(A)
)
+ codim(B/mB).
(b) codim(B)+
(
embdim(A)−µ
f
B
(m)
)
= codim(A)+ codim(B/mB).
(c) B is regular and µ
f
B
(m) = embdim(A)⇐⇒ A and B/mB are regular.
Proof. The proof is straightforward via a combination of Proposition 2.1 and [26,
Theorem 15.1]. 
Corollary 2.4. Under the above notation, assume that f satisfies GD. Then:
(a) codim(B) ≤ codim(A)+ codim(B/mB).
(b) If B/mB is regular, then codim(B) ≤ codim(A).
Proof. The proof is direct via a combination of Corollary 2.2 and the known fact
that dim(B) = dim(A)+dim(B/mB). 
3. Embedding dimension and codimension of polynomial rings
This section is devoted to the special case of polynomial rings which will be used,
later, for the investigation of tensor products. The main result of this section
(Theorem 3.1) settles a formula for the embedding dimension for the localizations
of polynomial rings over Noetherian rings. It recovers (via Corollary 3.2) a well-
known result on the transfer of regularity to polynomial rings; that is, R[X1, ....,Xn]
is regular if and only if so is R. Moreover, Theorem 3.1 leads to investigate the
regularity of two famous localizations of polynomial rings in several variables;
namely, the Nagata ring R(X1,X2, ...,Xn) and Serre conjecture ring R〈X1,X2, ...,Xn〉.
We show that the regularity of these two constructions is entirely characterized by
the regularity of R (Corollary 3.3).
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Recall that one of the cornerstones of dimension theory of polynomial rings
in several variables is the special chain theorem, which essentially asserts that the
height of any prime ideal P of R[X1, ...,Xn] can always be realized via a special
chain of prime ideals passing by the extension (P∩R)[X1, ...,Xn]. This result was
first proved by Jaffard in [22] and, later, Brewer, Heinzer, Montgomery and Rutter
reformulated it in the following simple way ([12, Theorem 1]): Let P be a prime
ideal ofR[X1, ...,Xn] with p := P∩R. Then ht(P)= ht(p[X1, ...,Xn])+ht
(
P
p[X1, ...,Xn]
)
.
In a Noetherian setting, this formula becomes:
dim(R[X1, ...,Xn]P) = dim(Rp)+ht
(
P
p[X1, ...,Xn]
)
= dim(Rp)+dim
(
κR(p)[X1, ...,Xn] Pp
pRp [X1,...,Xn ]
) (1)
where the second equality holds on account of the basic fact Pp[X1 ,...,Xn ]
∩ Rp = 0. The
main result of this section (Theorem 3.1) features a “special chain theorem” for the
embedding dimension with effective consequence on the codimension.
Theorem 3.1. Let R be a Noetherian ring and X1, ...,Xn be indeterminates over R. Let P
be a prime ideal of R[X1, ...,Xn] with p := P∩R. Then:
embdim(R[X1, ...,Xn]P) = embdim(Rp)+ht
(
P
p[X1, ...,Xn]
)
= embdim(Rp)+ embdim
(
κR(p)[X1, ...,Xn] Pp
pRp[X1 ,...,Xn ]
)
Proof. We use induction on n. Assume n = 1 and let P be a prime ideal of R[X]
with p := P∩R and r := embdim(Rp). Then pp = (a1, ...,ar)Rp for some a1, ...,ar ∈ p.
We envisage two cases; namely, either P is an extension of p or an upper to p. For
both cases, we will use induction on r.
Case 1: P is an extension of p (i.e., P = pR[X]). We prove that embdim(R[X]P)
= r. Indeed, we have PP = pRp[X]pRp[X] = (a1, ...,ar)Rp[X]pRp[X] = (a1, ...,ar)R[X]P. So,
obviously, if pp = (0), then PP = 0. Next, we may assume r ≥ 1. One can easily check
that the canonical ring homomorphism ϕ :Rp −→R[X]P is injective withϕ(pp)⊆ PP.
This forces embdim(R[X]P) ≥ 1. Hence, there exists j ∈ {1, ...,n}, say j = 1, such that
a := a1 ∈ pwith
a
1 ∈ PP \P
2
P
and, a fortiori, a1 ∈ pp \ p
2
p. By [24, Theorem 159], we get
embdim(R[X]P) = 1+ embdim
(
R
(a)
[X] P
aR[X]
)
embdim(Rp) = 1+ embdim
(
(
R
(a)
)
p
(a)
) (2)
Therefore embdim
(( R
(a)
)
p
(a)
)
= r− 1 and then, by induction on r, we obtain
embdim
(
R
(a)
[X] P
aR[X]
)
= embdim
(( R
(a)
)
p
(a)
)
. (3)
A combination of (2) and (3) leads to embdim(R[X]P) = r, as desired.
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Case 2: P is an upper to p (i.e., P, pR[X]). We prove that embdim(R[X]P) = r+1.
Note that PRp[X] is also an upper to pp and then there exists a (monic) polynomial
f ∈R[X] such that
f
1 is irreducible in κR(p)[X] and PRp[X]= pRp[X]+ fRp[X]. Notice
that pR[X]+ fR[X] ⊆ P and we have
PP = PRp[X]PRp[X] = (pRp[X]+ fRp[X])PRp[X]
= (p[X]+ fR[X])Rp[X]PRp[X] = (p[X]+ fR[X])P
= p[X]P+ fR[X]P = (a1, ...,ar, f )R[X]P.
Assume r= 0. ThenP is anupper tozerowithPP = fR[X]P. So that embdim(R[X]P)≤
1. Further, by the principal ideal theorem [24, Theorem 152], we have
embdim(R[X]P) ≥ dim(R[X]P) = ht(P) = 1.
It follows that embdim(R[X]P) = 1, as desired.
Next, assume r ≥ 1. We claim that pR[X]P " P
2
P
. Deny and suppose that pR[X]P ⊆
P2
P
. This assumption combined with the fact PP = p[X]P + fR[X]P yields
PP
P2
P
=
fR[X]P as R[X]P-modules and hence PP = fR[X]P by [24, Theorem 158]. Next,
let a ∈ p. Then, as a1 ∈ PP = fR[X]P, there exist g ∈ R[X] and s, t ∈ R[X] \P such
that t(sa− f g) = 0. So that t f g ∈ p[X], whence tg ∈ p[X] ⊂ P as f < p[X]. It follows
that tsa = t f g ∈ P2 and thus a1 ∈ P
2
P
= f 2R[X]P. We iterate the same process to get
a
1 ∈ P
n
P
= f nR[X]P for each integer n ≥ 1. Since R[X]P is a Noetherian local ring,⋂
Pn
P
= (0) and thus a1 = 0 in R[X]P. By the canonical injective homomorphism
Rp ֒→ R[X]P,
a
1 = 0 in Rp. Thus pp = (0), the desired contradiction.
Consequently, pR[X]P = (a1, ...,ar)R[X]P "P
2
P
. So, there exists j ∈ {1, ...,n}, say j= 1,
such that a := a1 ∈ PP \P
2
P
and, a fortiori, a ∈ pp \ p
2
p. Similar arguments as in Case 1
lead to the same two formulas displayed in (2). Therefore embdim
(( R
(a)
)
p
(a)
)
= r−1
and then, by induction on r, we obtain
embdim
(
R
(a)
[X] P
aR[X]
)
= 1+ embdim
(( R
(a)
)
p
(a)
)
. (4)
A combination of (2) and (4) leads to embdim(R[X]P) = r+ 1, as desired.
Now, assume that n ≥ 2 and set R[k] := R[X1, ...,Xk] and p[k] = p[X1, ...,Xk] for
k := 1, ...,n. Let P′ := P∩R[n− 1]. We prove that embdim(R[n]P) = r+ht
(
P
p[n]
)
.
Indeed, by virtue of the case n = 1, we have
embdim(R[n]P) = embdim(R[n− 1]P′)+ht
(
P
P′[Xn]
)
. (5)
Moreover, by induction hypothesis, we get
embdim(R[n− 1]P′) = r+ht
(
P′
p[n− 1]
)
. (6)
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Note that the prime ideals
P′[Xn]
p[n]
and
P
p[n]
both survive in κR(p)[n], respectively.
Hence, as κR(p)[n] is catenarian and (R/p)[n− 1] is Noetherian, we obtain
ht
(
P
p[n]
)
= ht
(
P′[Xn]
p[n]
)
+ht
(
P
P′[Xn]
)
= ht
(
P′
p[n− 1]
)
+ht
(
P
P′[Xn]
)
. (7)
Further, the fact that κR(p)[X1, ...,Xn] is regular yield
ht
(
P
p[X1, ...,Xn]
)
= embdim
(
κR(p)[X1, ...,Xn] Pp
pRp[X1 ,...,Xn ]
)
. (8)
So (5), (6), (7), and (8) lead to the conclusion, completing the proof of the theorem.

As a first application of Theorem 3.1, we get the next corollary on the (embed-
ding) codimension. In particular, it recovers a well-known result on the transfer
of regularity to polynomial rings (initially proved via Serre’s result on finite global
dimension and Hilbert Theorem on syzygies [28, Theorem 8.37]. See also [24,
Theorem 171]).
Corollary 3.2. Let R be a Noetherian ring and X1, ...,Xn be indeterminates over R. Let P
be a prime ideal of R[X1, ...,Xn] with p := P∩R. Then:
codim(R[X1, ...,Xn]P) = codim(Rp).
In particular, R[X1, ...,Xn] is regular if and only if R is regular.
Theorem 3.1 allows us to characterize the regularity for two famous localiza-
tions of polynomial rings; namely, Nagata rings and Serre conjecture rings. Let
R be a ring and X,X1, ...,Xn indeterminates over R. Recall that R(X1, ...,Xn) =
S−1R[X1, ...,Xn] is the Nagata ring, where S is the multiplicative set of R[X1, ...,Xn]
consisting of the polynomials whose coefficients generate R. Let R〈X〉 :=U−1R[X],
whereU is themultiplicative set ofmonic polynomials inR[X], andR〈X1, · · · ,Xn〉 :=
R〈X1, ...,Xn−1〉〈Xn〉. Then R〈X1, ...,Xn〉 is called the Serre conjecture ring and is a
localization of R[X1, ...,Xn].
Corollary 3.3. Let R be a Noetherian ring and X1, ...,Xn indeterminates over R. Let S be
a multiplicative subset of R[X1, ...,Xn]. Then:
(a) S−1R[X1, ...,Xn] is regular if and only if Rp is regular for each prime ideal p of R
such that p[X1, ...,Xn]∩S = ∅.
(b) In particular, R(X1, ...,Xn) is regular if and only if R〈X1, ...,Xn〉 is regular if and
only if R[X1, ...,Xn] is regular if and only if R is regular.
Proof. (a) Let Q = S−1P be a prime ideal of S−1R[X1, ...,Xn], where P is the inverse
image ofQ by the canonical homomorphism R[X1, ...,Xn]→ S
−1R[X1, ...,Xn] and let
p := P∩R. Notice that S−1R[X1, ...,Xn]Q  R[X1, ...,Xn]P and
Q
S−1p[X1, ...,Xn]
 S
−1 P
p[X1, ...,Xn]
where S denotes the image of S via the natural
homomorphism R[X1, ...,Xn]→
R
p [X1, ...,Xn]. Therefore, by (1), we obtain
dim(S−1R[X1, ...,Xn]Q) = dim(R[X1, ...,Xn]P) = dim(Rp)+ht
( Q
S−1p[X1, ...,Xn]
)
(9)
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and, by Theorem 3.1, we have
embdim(S−1R[X1, ...,Xn]Q) = embdim(R[X1, ...,Xn]P)
= embdim(Rp)+ht
( Q
S−1p[X1, ...,Xn]
)
.
(10)
Now, observe that the set {Q∩R | Q is a prime ideal of S−1R[X1, ...,Xn]} is equal
to the set {p | p is a prime ideal of R such that p[X1, ...,Xn]∩S = ∅}. Therefore, (9)
and (10) lead to the conclusion.
(b) Combine (a) with the fact that the extension of any prime ideal of R to
R[X1, ...,Xn] does not meet the multiplicative sets related to the rings R(X1, ...,Xn)
and R〈X1, ...,Xn〉. 
4. Embedding dimension and codimension of tensor products issued from
separable extension fields
This section establishes an analogue of the “special chain theorem” for the embed-
ding dimension of Noetherian tensor products issued from separable extension
fields, with effective consequences on the transfer or defect of regularity. Namely,
due to known behavior of a tensor product A⊗k B of two k-algebras subject to
regularity (cf. [8, 18, 19, 26, 33, 36]), we will investigate the case where A or B is a
separable (not necessarily algebraic) extension field of k.
Throughout, letA and B be two k-algebras such thatA⊗kB is Noetherian and let
P be a prime ideal of A⊗k B with p := P∩A and q := P∩B. Recall that A and B are
Noetherian too; and the converse is not true, in general, even ifA= B is an extension
field of k (cf. [16, Corollary 3.6] or [34, Theorem11]). Weassume familiaritywith the
natural isomorphisms for tensor products and their localizations as in [9, 10, 28]. In
particular, we identify A and Bwith their respective images in A⊗kB and we have
A⊗kB
p⊗kB+A⊗k q

A
p
⊗k
B
q
andAp⊗kBq  S
−1(A⊗kB)where S := {s⊗ t | s ∈A\p, t ∈B\q}.
Throughout this and next sections, we adopt the following simplified notation for
the invariant µ:
µP(pAp) := µ
i
(A⊗kB)P
(pAp) and µP(qAq) := µ
j
(A⊗kB)P
(qBq)
where i : Ap −→ (A⊗k B)P and j : Bq −→ (A⊗k B)P are the canonical (local flat) ring
homomorphisms.
Recall that A⊗kB is Cohen-Macaulay (resp., Gorenstein, locally complete inter-
section) if and only if so are A and the fibre rings κA(p)⊗k B (for each prime ideal
p of A) [7, 33]. Also if A and the fibre rings κA(p)⊗kB are regular then so is A⊗k B
[26, Theorem 23.7(ii)]. However, the converse does not hold in general; precisely,
if A⊗k B is regular then so is A [26, Theorem 23.7(i)] but the fibre rings are not
necessarily regular (see [8, Example 2.12(iii)]).
From [7, Proposition 2.3] and its proof, recall an analogue of the special chain
theorem (recorded in (1)) for the tensor products which correlates the dimension
of (A⊗kB)P to the dimension of its fibre rings; namely,
dim(A⊗kB)P = dim(Ap) + ht
(
P
p⊗kB
)
= dim(Ap) + dim

(
κA(p)⊗kB
)
Pp
pAp⊗kB

(11)
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Our first result reformulates Proposition 2.1 and thus gives an analogue of
the special chain theorem for the embedding dimension in the context of tensor
products of algebras over a field.
Proposition 4.1. Let A and B be two k-algebras such that A⊗k B is Noetherian and let P
be a prime ideal of A⊗kB with p := P∩A and q := P∩B. Then:
(a) embdim(A⊗kB)P = µP(pAp)+ embdim

(
κA(p)⊗kB
)
Pp
pAp⊗kB
.
(b) codim(A⊗kB)P+
(
embdim(Ap)−µP(pAp)
)
=
codim(Ap)+ codim
((
κA(p)⊗kB
)
Pp
pAp⊗kB
)
.
(c) (A⊗k B)P is regular and µP(pAp) = embdim(Ap) if and only if both Ap and(
κA(p)⊗kB
)
Pp
pAp⊗kB
are regular.
Recall that an extended form of the special chain theorem [7] states that
dim(A⊗kB)P = dim(Ap)+dim(Bq)+dim

(
κA(p)⊗kκB(q)
)
P(Ap⊗kBq)
pAp⊗kBq+Ap⊗kqBq
 .
In this vein, notice that, via Proposition 4.1(a), we always have the following
inequalities:
embdim(A⊗kB)P ≤ embdim(Ap) + embdim

(
κA(p)⊗kB
)
Pp
pAp⊗kB

≤ embdim(Ap) + embdim(Bq)
+ embdim
(κA(p)⊗k κB(q)) P(Ap⊗kBq)
pAp⊗kBq+Ap⊗kqBq
 .
Let us state the main theorem of this section.
Theorem 4.2. Let K be a separable extension field of k and A a k-algebra such that K⊗kA
is Noetherian. Let P be a prime ideal of K⊗kA with p := P∩A. Then:
embdim(K⊗kA)P = embdim(Ap) + ht
(
P
K⊗k p
)
= embdim(Ap) + embdim

(
K⊗k κA(p)
)
Pp
K⊗kpAp

If, in addition, K is algebraic over k, then embdim(K⊗kA)P = embdim(Ap).
The proof of this theorem requires the following two preparatory lemmas; the
first of which determines a formula for the embedding dimension of the tensor
product of two k-algebras A and B localized at a special prime ideal P with no
restrictive conditions on A or B.
Lemma 4.3. Let A and B be two k-algebras such that A⊗k B is Noetherian and let P be a
prime ideal of A⊗kB with p := P∩A and q := P∩B. Assume that PP = (p⊗kB+A⊗k q)P.
Then:
(a) µP(pAp) = embdim(Ap) and µP(qBq) = embdim(Bq).
(b) embdim(A⊗kB)P = embdim(Ap)+ embdim(Bq).
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Proof. We proceed through two steps.
Step 1. Assume that K := B is an extension field of k. Then q = (0) and PP =
pp(Ap ⊗k K)Pp . Let n := embdim(Ap) and let a1, ...,an be elements of p such that
pp =
(
a1
1 , ...,
an
1
)
Ap.Our argument uses induction on n. If n = 0, thenAp is a field and
pp = (0); hence PP = (0), whence embdim(A⊗kK)P = 0, as desired. Next, suppose
n≥ 1. We have PP =
(
a1
1 , ...,
an
1
)
(A⊗kK)P. If embdim(A⊗kK)P = 0, (A⊗kK)P is regular
and so is Ap by [26, Theorem 23.7(i)]. Hence, n = dim(Ap) = 0 by (11). Absurd.
So, necessarily, embdim(A⊗kK)P ≥ 1. Without loss of generality, we may assume
that
a1
1 ∈ PP \P
2
P
. Note that we already have
a1
1 ∈ pp \ p
2
p. Now,
P
(a1)⊗kK
is a prime
ideal of
A
(a1)
⊗k K with
P
(a1)⊗kK
∩
A
(a1)
=
p
(a1)
. By [24, Theorem 159], we obtain
embdim

(
A
(a1)
)
p
(a1)
 = n− 1. By induction, we get
embdim

(
A
(a1)
⊗kK
)
P
(a1)⊗kK
 = embdim

(
A
(a1)
)
p
(a1)
 .
We conclude, via [24, Theorem 159], to get
embdim(A⊗kK)P = 1+ embdim

(
A
(a1)
⊗kK
)
P
(a1)⊗kK
 = n.
Moreover, observe that
(
κA(p)⊗k K
)
Pp
pp⊗kK
is a field as PP = (p⊗k K)P. By Proposi-
tion 4.1, we have
µP(pAp) = embdim(A⊗kK)P = embdim(Ap). (12)
Step 2. Assume that B is an arbitrary k-algebra. Since PP = (p⊗k B+A⊗k q)P,
then P(Ap ⊗k Bq) = pAp ⊗k Bq +Ap ⊗k qBq, hence
(
κA(p)⊗k κB(q)
)
P(Ap⊗kBq)
pAp⊗kBq+Ap⊗kqBq
is an
extension field of k. So, apply Proposition 4.1 twice to get
embdim(A⊗kB)P = µP(qBq)+µ Pq
A⊗kqBq
(pAp). (13)
Further, notice that
( Pq
A⊗k qBq
)
Pq
A⊗kqBq
=
(Pq)Pq
(A⊗k qBq)Pq
=
PP
(A⊗k q)P
=
(p⊗kB+A⊗k q)P
(A⊗k q)P
=
(p⊗kB+A⊗k q
A⊗k q
)
P
A⊗kq

(
p⊗k
B
q
)
P
A⊗kq
=
(
p⊗k κB(q)
)
Pq
A⊗kqBq
.
Therefore, by (12), we get
µ Pq
A⊗kqBq
(pAp) = embdim

(
A⊗k κB(q)
)
Pq
A⊗kqBq
 = embdim(Ap).
Similar arguments yield
µ Pp
pAp⊗kB
(qBq) = embdim
(
(κA(p)⊗kB) Pp
pAp⊗kB
)
= embdim(Bq)
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and, by the facts 0 ≤ µP(pAp) ≤ embdim(Ap) and µ Pp
pAp⊗kB
(qBq) ≤ µP(qBq), we obtain
µP(pAp) = embdim(Ap) and µP(qBq) = embdim(Bq)
completing the proof of the lemma via (13). 
The second lemma will allow us to reduce our investigation to tensor products
issued from finite extension fields.
Lemma 4.4. Let K be an extension field of k and A a k-algebra such that K ⊗k A is
Noetherian. Let P be a prime ideal of K⊗kA. Then, there exists a finite extension field E of
k contained in K such that
embdim(K⊗kA)P = embdim(F⊗kA)Q
for each intermediate field F between E and K and Q := P∩ (F⊗kA).
Proof. Let z1, ...,zt ∈ K⊗kA such that P = (z1, ...,zt)K⊗kA; and for each i = 1, ..., t, let
zi :=
ni∑
j=1
αi j ⊗k a j with αi j ∈ K and a j ∈ A. Let E := k
({
αi j | i = 1, ..., t ; j = 1, ...,ni
})
and
Q := P∩ (E⊗k A). Clearly, z1, ...,zt ∈ Q and hence P = Q(K⊗kA) = K⊗EQ. Apply
Lemma 4.3 to K⊗kA K⊗E (E⊗kA) to obtain embdim(K⊗kA)P = embdim(E⊗kA)Q.
Now, let F be an intermediate field between E and K and Q′ := P∩ (F⊗kA). Then
P =Q′(K⊗kA) = K⊗EQ
′ (14)
since Q′∩ (E⊗kA) =Q. As above, Lemma 4.3 leads to the conclusion. 
Next, we give the proof of the main theorem.
Proof of Theorem 4.2. We proceed through three steps.
Step 1. Assume that K is an algebraic separable extension field of k. We claim that
PP =
(
K⊗k p
)
P . (15)
Indeed, set Sp :=
A
p
\ {0}. The basic fact
P
K⊗k p
∩
A
p
= (0) yields
(K⊗kA)P
(K⊗k p)P

(
K⊗k
A
p
)
P
K⊗kp
=
(
K⊗k κA(p)
)
S−1p (
P
K⊗kp
)
where K⊗k κA(p) is a zero-dimensional ring [30, Theorem 3.1], reduced [37, Chap.
III, §15, Theorem 39], and hence von Neumann regular [24, Ex. 22, p. 64]. It
follows that
(
K⊗k κA(p)
)
S−1p (
P
K⊗kp
)
is a field. Consequently, (K⊗k p)P = PP, the unique
maximal ideal of (K⊗k A)P, proving our claim. By (15) and Lemma 4.3, we get
embdim(K⊗kA)P = embdim(Ap).
Step 2. Assume that K is a finitely generated separable extension field of k. Let
T = {x1, ...,xt} be a finite separating transcendence base of K over k; that is, K is
algebraic separable over k(T) := k(x1, ...,xt). Let S := k[T] \ {0} and notice that
K⊗kA  K⊗k(T) (k(T)⊗kA)  K⊗k(T) S
−1A[T].
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Let P∩S−1A[T]= S−1P′ for some prime ideal P′ ofA[T]. Note that P′∩A= p. Then,
we have
embdim(K⊗kA)P = embdim
(
K⊗k(T) S
−1A[T]
)
P
= embdim
(
S−1A[T]S−1P′
)
, by Step 1
= embdim(A[T]P′)
= embdim(Ap)+ht
(
P′
p[T]
)
, by Theorem 3.1.
Moreover, note that
K⊗k
A
p
 K⊗k(T)
(
k(T)⊗k
A
p
)
 K⊗k(T)
S−1A[T]
S−1p[T]
and
P
K⊗k p
∩
S−1A[T]
S−1p[T]
=
S−1P′
S−1p[T]
asK⊗k pK⊗k(T) S
−1p[T] so that (K⊗k p)∩S
−1A[T]= S−1p[T]. Therefore the integral
extension
S−1A[T]
S−1p[T]
֒→ K⊗k
A
p
is flat and hence satisfies the Going-down property;
that is, ht
(
P′
p[T]
)
= ht
(
S−1P′
S−1p[T]
)
= ht
(
P
K⊗k p
)
. It follows that embdim(K⊗k A)P =
embdim(Ap) + ht
(
P
K⊗k p
)
.
Step 3. Assume that K is an arbitrary separable extension field of k. Then, by
Lemma 4.4, there exists a finite extension field E of k contained in K such that
embdim(K⊗kA)P = embdim(E⊗kA)Q
where Q := P∩ (E⊗kA). Let Ω denote the set of all intermediate fields between E
and K. For each F ∈Ω, note that P =Q′(K⊗kA), whereQ
′ := P∩ (F⊗kA), as seen in
(14); and by Lemma 4.4 and Step 2, we obtain
embdim(K⊗kA)P = embdim(F⊗kA)Q′ = embdim(Ap)+ht
(
Q′
F⊗k p
)
. (16)
Further, as the ring extension F⊗k
A
p
֒→ K⊗k
A
p
satisfies the Going-down property,
we get
ht
(
Q′
F⊗k p
)
≤ ht
(
P
K⊗k p
)
. (17)
Next let K⊗k p ⊆ P0 ( P1 ( ... ( Pn = P be a chain of distinct prime ideals of K⊗kA
such that n :=ht
(
P
K⊗k p
)
. Let ti ∈Pi \Pi−1 for each i= 1, ...,n. One readily checks that
there exists a finite extension fieldG of k contained inK such that, for each i= 1, ...,n,
ti ∈G⊗kA and thus ti ∈Q
′
i
\Q′
i−1
, whereQ′
i
:= Pi∩ (G⊗kA). LetH := k(E,G) ∈Ω and
Qi := Pi∩(H⊗kA) for each i= 1, ...,n. Then ti ∈Qi \Qi−1 for each i= 1, ...,n. Therefore,
we get the following chain of distinct prime ideals in H⊗kA
H⊗k p ⊆Q0 (Q1 ( ... (Qn =Q
′ := P∩ (H⊗kA).
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It follows that ht
(
Q′
H⊗kp
)
≥ n and then (17) yields ht
(
Q′
F⊗kp
)
= ht
(
P
K⊗kp
)
. Further, K⊗k
κA(p) is regular since K is separable over K [18, Lemma 6.7.4.1]. Consequently, by
(16), we get
embdim(K⊗kA)P = embdim(Ap) + ht
(
P
K⊗k p
)
= embdim(Ap) + embdim

(
K⊗k κA(p)
)
Pp
K⊗kpAp

completing the proof of the theorem.
As a direct application of Theorem 4.2, we obtain the next corollary on the
(embedding) codimension which extends Grothendieck’s result on the transfer of
regularity to tensor products issued fromfinite extension fields [18, Lemma 6.7.4.1].
See also [8].
Corollary 4.5. Let K be a separable extension field of k and A a k-algebra such that K⊗kA
is Noetherian. Let P be a prime ideal of K⊗kA with p := P∩A. Then:
codim(K⊗kA)P = codim(Ap).
In particular, K⊗kA is regular if and only if A is regular.
Proof. Combine Theorem 4.2 and (11). 
5. Embedding dimension and codimension of tensor products of algebras with
separable residue fields
This section deals with a more general setting (than in Section 4); namely, we
compute the embedding dimension of localizations of the tensor product of two
k-algebras A and B at prime ideals P such that the residue field κB(P∩B) is a
separable extension of k. The main result establishes an analogue for an extended
form of the “special chain theorem” for the Krull dimension which asserts that
dim(A⊗kB)P = dim(Ap)+dim(Bq)+ht
(
P
p⊗kB+A⊗k q
)
= dim(Ap)+dim(Bq)+dim

(
κA(p)⊗kκB(q)
)
P(Ap⊗kBq)
pAp⊗kBq+Ap⊗kqBq
 .
(18)
As an application, we formulate the (embedding) codimension of these construc-
tions with direct consequence on the transfer or defect of regularity.
Here is the main result of this section.
Theorem 5.1. Let A and B be two k-algebras such that A⊗kB is Noetherian and let P be
a prime ideal of A⊗k B with p := P∩A and q := P∩B. Assume κB(q) is separable over k.
Then:
embdim(A⊗kB)P = embdim(Ap) + embdim(Bq) + ht
(
P
p⊗kB+A⊗k q
)
= embdim(Ap) + embdim(Bq)
+ embdim

(
κA(p)⊗kκB(q)
)
P(Ap⊗kBq)
pAp⊗kBq+Ap⊗kqBq

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Proof. Notice first that, as κB(q) is separable over k, κA(p)⊗k κB(q) is a regular ring
and hence
embdim

(
κA(p)⊗kκB(q)
)
P(Ap⊗kBq)
pAp⊗kBq+Ap⊗kqBq
 = ht
(
P(Ap⊗k Bq)
pAp⊗k Bq+Ap⊗k qBq
)
= ht
(
P
p⊗kB+A⊗k q
)
.
So, we only need to prove the first equality in the theorem and, without loss of
generality, wemay assume that (A,n) and (B,m) are local k-algebras such thatA⊗kB
is Noetherian,
B
m
is a separable extension field of k, and P is a prime ideal of A⊗kB
with P∩A = n and P∩B = m. Similar arguments used in the proof of Lemma 4.4
show that there exists a finite extension field K of k contained in
B
m
such that
P
A⊗km
=Q
(
A⊗k
B
m
)
Q⊗K
B
m
where Q :=
P
A⊗km
∩ (A⊗k K). Since
B
m
is separable over k and K is a finitely
generated intermediate field, then K is separably generated over k (cf. [21, Chap.
VI, Theorem 2.10 & Definition 2.11]). Let t denote the transcendence degree of
K over k and let c1, ...,ct ∈ B such that {c1, ...,ct} is a separating transcendence base
of K over k; i.e., K is separable algebraic over Ω := k (c1, ...,ct). Also c1, ...,ct are
algebraically independent over k with
m∩ k[c1, ...,ct] = (0). (19)
So one may view A⊗k k[c1, ...,ct]  A[c1, ...,ct] as a polynomial ring in t indetermi-
nates over A. Set S := k[c1, ...,ct]\ {0} ; k(t) := k(c1, ...,ct) ; A[t] :=A[c1, ...,ct]. Then, we
have
P∩S =m∩S = ∅ and A⊗k S
−1B  S−1A[t]⊗k(t) S
−1B. (20)
Next, let T := PA⊗km
∩ (A⊗kΩ) = Q∩ (A⊗kΩ) and consider the following canonical
isomorphisms of k-algebras θ1 : A⊗k
S−1B
S−1m
−→
(
A⊗k k(t)
)
⊗k(t)
S−1B
S−1m
and θ2 : A⊗k
B
m
−→ (A⊗kΩ)⊗Ω
B
m
.AsA⊗kK (A⊗kΩ)⊗ΩK, by (15) we obtainQQ = (T⊗ΩK)Q =
T(A⊗kK)Q and hence(
P
A⊗km
)
P
A⊗km
= Q
(
A⊗k
B
m
)
P
A⊗km
=QQ
(
A⊗k
B
m
)
(
P
A⊗km
)
Q
= T(A⊗kK)Q
(
A⊗k
B
m
)
(
P
A⊗km
)
Q
= T(A⊗kK)
(
A⊗k
B
m
)
P
A⊗km
= T
(
A⊗k
B
m
)
P
A⊗km
=
(
θ−1
2
(
θ2
(
T
(
A⊗k
B
m
))))
P
A⊗km
=
(
θ−1
2
(
T⊗Ω
B
m
))
P
A⊗km
.
(21)
Moreover, on account of (19) and by considering the natural surjective homomor-
phism of k-algebras k[c1, ...,ct]
ϕ
−→ k[c1, ...,ct] defined by ϕ(ci) = ci for each i = 1, ..., t,
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we get k[c1, ...,ct]
ϕ
 k[c1, ...,ct] inducing the following natural isomorphism of ex-
tension fields φ := S−1ϕ : k(t) −→ k(c1, ...,ct) = Ω. Then, φ induces a structure of
k(t)-algebras on Ω and thus on
B
m
. We adopt a second structure of k(t)-algebras
on
B
m
, inherited from the canonical injection k(t)
i
֒→ S−1B. Indeed, consider the
following k-algebra homomorphisms k(t)
i
−→ S
−1B
S−1m
γ
−→ B
m
defined by i(α) = α for
each α ∈ k(t), and where γ is the isomorphism of k-algebras defined by γ
(
b
s
)
=
b
s
for
each b ∈ B and each s ∈ S. It is easy to see that these two structures of k(t)-algebras
coincide on
B
m
. This is due to the commutativity of the following diagram of
homomorphisms of k-algebras
k(t)
i
−→
S−1B
S−1m
φց ↓ γ
B
m
since, for each α :=
f
s ∈ k(t) with f ∈ k[c1, ...,ct] and s ∈ S, we have
(γ◦ i)(α) = γ(α) =
f
s
=
ϕ( f )
ϕ(s)
= φ(α).
Now, consider the following isomorphism of k-algebras
ψ := θ2 ◦ (1A⊗k γ)◦θ
−1
1 :
(
A⊗k k(t)
)
⊗k(t)
S−1B
S−1m
−→ (A⊗kΩ)⊗Ω
B
m
where, for each a ∈ A, α ∈ k(t), b ∈ B, and s ∈ S, we have
ψ
(
(a⊗kα)⊗k(t)
b
s
)
= θ2
(
(1A⊗k γ)
(
a⊗kα
b
s
))
= θ2
(
a⊗k γ
(
α bs
))
= θ2
(
a⊗k
(
(γ◦ i)(α)γ
(
b
s
)))
= θ2
(
a⊗k
(
φ(α)γ
(
b
s
)))
= (a⊗k 1)⊗Ωφ(α)γ
(
b
s
)
=
(
a⊗kφ(α)
)
⊗Ω γ
(
b
s
)
= (1A⊗kφ)(a⊗kα)⊗Ωγ
(
b
s
)
.
Next, let δ : A⊗k S
−1B −→ S−1A[t]⊗k(t) S
−1B denote the canonical isomorphism of
k-algebras mentioned in (20) and let S−1H := S−1P∩ S−1A[t] where H is a prime
ideal of A[t] with H∩S = ∅. Therefore
ψ
(
S−1H⊗k(t)
S−1B
S−1m
)
= (1A⊗kφ)(S
−1H)⊗Ωγ
( S−1B
S−1m
)
= (1A⊗kφ)(S
−1H)⊗Ω
B
m
.
(22)
Claim: δ(S−1P)δ(S−1P) =
(
S−1H⊗k(t) S
−1B+S−1A[t]⊗k(t) S
−1
m
)
δ(S−1P)
.
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Indeed, consider the following commutative diagram (as φ = γ◦ i)
S−1(A⊗kB) = A⊗k S
−1B
1A⊗k(γ◦π)
−→ A⊗k
B
m
1A⊗k i ↑ ↑
A⊗k k(t)
1A⊗kφ
−→ A⊗kΩ
where π : S−1B −→ S
−1B
S−1m
denotes the canonical surjection (with π ◦ i = i) and the
vertical maps are the canonical injections. Also, it is worth noting that 1A⊗k φ is
an isomorphism of k-algebras. Hence
T =
P
A⊗km
∩ (A⊗kΩ) = (1A⊗kφ)
(((
1A⊗k (γ◦π)
)−1( P
A⊗km
))
∩
(
A⊗k k(t)
))
= (1A⊗kφ)
(
S−1P∩
(
A⊗k k(t)
))
= (1A⊗kφ)(S
−1P∩S−1A[t])
= (1A⊗kφ)(S
−1H).
(23)
It follows, via (21), (23), and (22), that(
P
A⊗km
)
P
A⊗km
= θ−1
2
(
T⊗Ω
B
m
)
P
A⊗km
= θ−1
2
(
(1A⊗kφ)(S
−1H)⊗Ω
B
m
)
P
A⊗km
= θ−1
2
(
ψ
(
S−1H⊗k(t)
S−1B
S−1m
))
P
A⊗km
= (1A⊗k γ)
(
θ−1
1
(
S−1H⊗k(t)
S−1B
S−1m
))
P
A⊗km
.
Further, notice that
P
A⊗km
= (1A⊗k γ)
(
S−1P
A⊗k S−1m
)
. Then the isomorphism 1A⊗k γ
yields the canonical isomorphism of local k-algebras
(1A⊗k γ)P :
(
A⊗k
S−1B
S−1m
)
S−1P
A⊗kS
−1
m
−→
(
A⊗k
B
m
)
P
A⊗km
with
(1A⊗k γ)P

(
S−1P
A⊗k S−1m
)
S−1P
A⊗kS
−1
m
 =
(
P
A⊗km
)
P
A⊗km
= (1A⊗k γ)P
θ−11
(
S−1H⊗k(t)
S−1B
S−1m
)
S−1P
A⊗kS
−1
m
 .
Therefore
θ−11
(
S−1H⊗k(t)
S−1B
S−1m
)
S−1P
A⊗kS
−1
m
=
(
S−1P
A⊗k S−1m
)
S−1P
A⊗kS
−1
m
. (24)
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Moreover, consider the following commutative diagram
A⊗k S
−1B
δ
−→ S−1A[t]⊗k(t) S
−1B
π1 ↓ ↓ π2
A⊗k
S−1B
S−1m
θ1
−→ S−1A[t]⊗k(t)
S−1B
S−1m
where π1 = 1A ⊗k π and π2 = 1S−1A[t] ⊗k π are the canonical surjective homomor-
phisms of k-algebras. Hence
π−1
1
(
θ−1
1
(
S−1H⊗k(t)
S−1B
S−1m
))
= (θ1 ◦π1)
−1
(
S−1H⊗k(t)
S−1B
S−1m
)
= (π2 ◦δ)
−1
(
S−1H⊗k(t)
S−1B
S−1m
)
= δ−1
(
π−1
2
(
S−1H⊗k(t)
S−1B
S−1m
))
= δ−1
(
S−1H⊗k(t) S
−1B+S−1A[t]⊗k(t) S
−1
m
)
so that
θ−1
1
(
S−1H⊗k(t)
S−1B
S−1m
)
= π1
(
δ−1
(
S−1H⊗k(t) S
−1B+S−1A[t]⊗k(t) S
−1
m
))
=
δ−1
(
S−1H⊗k(t) S
−1B+S−1A[t]⊗k(t) S
−1
m
)
A⊗k S−1m
.
It follows, via (24), that
S−1PS−1P
(A⊗k S−1m)S−1P
=
(
S−1P
A⊗k S−1m
)
S−1P
A⊗kS
−1
m
= θ−1
1
(
S−1H⊗k(t)
S−1B
S−1m
)
S−1P
A⊗kS
−1
m
=

δ−1
(
S−1H⊗k(t) S
−1B+S−1A[t]⊗k(t) S
−1
m
)
A⊗k S−1m

S−1P
A⊗kS
−1
m
=
δ−1
(
S−1H⊗k(t) S
−1B+S−1A[t]⊗k(t) S
−1
m
)
S−1P
(A⊗k S−1m)S−1P
and thus S−1PS−1P = δ
−1
(
S−1H⊗k(t) S
−1B+S−1A[t]⊗k(t)S
−1
m
)
S−1P
.Also, note that the
isomorphism of k-algebras δ induces the isomorphism of local k-algebras
δP : (A⊗k S
−1B)S−1P −→ (S
−1A[t]⊗k(t) S
−1B)δ(S−1P). Hence
δ−1
P
(
δ(S−1P)δ(S−1P)
)
= S−1PS−1P
= δ−1
P
((
S−1H⊗k(t) S
−1B+S−1A[t]⊗k(t) S
−1
m
)
δ(S−1P)
)
so that δ(S−1P)δ(S−1P) =
(
S−1H⊗k(t)S
−1B+S−1A[t]⊗k(t)S
−1
m
)
δ(S−1P)
proving the claim.
It follows, by Lemma 4.3 applied to S−1A[t]⊗k(t) S
−1B, that
µδ(S−1P)(S
−1
mS−1BS−1m) = embdim(S
−1BS−1m) = embdim(B)
so that, by Proposition 4.1, we have
EMBEDDING DIMENSION AND CODIMENSION OF TENSOR PRODUCTS OF k-ALGEBRAS 19
embdim(A⊗kB)P = embdim
(
(A⊗k S
−1B)S−1P
)
= embdim
(
(S−1A[t]⊗k(t) S
−1B)δ(S−1P)
)
= µδ(S−1P)(S
−1
mS−1BS−1m)+ embdim

(
S−1A[t]⊗k(t)
S−1B
S−1m
)
δ(S−1P)
S−1A[t]⊗k(t)S
−1
m

= embdim(B)+ embdim

(
S−1A[t]⊗k(t)
S−1B
S−1m
)
δ(S−1P)
S−1A[t]⊗k(t)S
−1
m

= embdim(B)+ embdim

(
A⊗k
S−1B
S−1m
)
S−1P
A⊗kS
−1
m
 .
Finally, as
S−1B
S−1m

B
m
is a separable extension field of k, we get, by Theorem 4.2,
that
embdim(A⊗kB)P = embdim(A)+ embdim(B)+ht
(
S−1P/(A⊗kS
−1
m)
n⊗k(S−1B/S−1m)
)
= embdim(A)+ embdim(B)+ht
(
S−1P
n⊗kS−1B+A⊗kS−1m
)
= embdim(A)+ embdim(B)+ht
(
P
n⊗kB+A⊗km
)
completing the proof of the theorem. 
As a direct application of Theorem 5.1, we obtain the next corollary on the (em-
bedding) codimension which recovers known results on the transfer of regularity
to tensor products over perfect fields [33, Theorem 6(c)] and,more generally, to ten-
sor products issued from residually separable extension fields [8, Theorem 2.11].
Recall that a k-algebraR is said to be residually separable, if κR(p) is separable over
k for each prime ideal p of R.
Corollary 5.2. Let A and B be two k-algebras such that A⊗k B is Noetherian and let P be
a prime ideal of A⊗k B with p := P∩A and q := P∩B. Assume κB(q) is separable over k.
Then:
codim(A⊗kB)P = codim(Ap)+ codim(Bq).
Proof. Combine Theorem 5.1 and (18). 
Note that if k is perfect, then every k-algebra is residually separable. Now,
if k is an arbitrary field, one can easily provide original examples of residually
separable k-algebras through localizations of polynomial rings or pullbacks [2, 13].
For instance, let X be an indeterminate over k and K ⊆ L two separable extensions
of k. Then, the one-dimensional local k-algebrasR :=K+XL[X](X) ⊆ S := L[X](X) are
residually separable since the extensions k⊆ κR
(
XL[X](X)
)
=K⊆ κS
(
XL[X](X)
)
= L⊂
κR(0) = κS(0) = L(X) are separable over k by Mac Lane’s Criterion and transitivity
of separability. Also, similar arguments show that the two-dimensional local k-
algebra R′ := R+YL(X)[Y](Y) is residually separable, where Y is an indeterminate
over k. Therefore, one may reiterate the same process to build residually separable
k-algebras of arbitrary Krull dimension.
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Corollary 5.3. Let A be a finitely generated k-algebra and B a residually separable k-
algebra. Let P be a prime ideal of A⊗kB with p := P∩A and q := P∩B. Then:
codim(A⊗kB)P = codim(Ap)+ codim(Bq).
In particular, A⊗kB is regular if and only if so are A and B.
Corollary 5.4. Let k be an algebraically closed field, A a finitely generated k-algebra, p a
maximal ideal of A, and B an arbitrary k-algebra. Let P be a prime ideal of A⊗k B such
that P∩A = p and set q := P∩B. Then:
codim(A⊗kB)P = codim(Ap)+ codim(Bq).
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